Abstract-Orthogonal frequency division multiplexing (OFDM) modulations are very popular in wireless communications due to their flexibility and good performance over severely time-dispersive channels. However, OFDM signals have large peak-to-average power ratio (PAPR), which leads to amplification problems. Constant envelope OFDM (CE-OFDM) techniques use an OFDM signal to modulate the phase of a given carrier, allowing a 0 dB PAPR, with all inherent advantages. However, the phase modulator is a nonlinear device that can lead to performance degradation. In this paper, we take advantage of the Gaussian characteristics of OFDM signals to characterize analytically CE-OFDM signals, both in terms of power spectral density (PSD) and optimum asymptotic performance. 
I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) techniques [1] have been proposed to support many wireless digital communication standards such as the long term evolution (LTE) [2] , WiFi [3] and digital video broadcasting (DVB) [4] . This is justified by three main reasons: (i) their facility to combat the time-dispersive nature of wireless channels even using low complex equalizers; (ii) their good spectral efficiency due to the orthogonality of the subcarriers; and (iii) the flexibility of OFDM-based schemes such as orthogonal frequency division multiple access (OFDMA). However, OFDM signals are the sum of several modulated sinusoids, which means that they have very large envelope fluctuations and a high peak-to-average power ratio (PAPR). This complicates the amplification process since a large input back-off (IBO) must be adopted to avoid nonlinear distortion in the transmitted signals. A large IBO compromises the amplification efficiency, which constitutes a severe problem particularly in batterypowered devices. To reduce the required IBO, many PAPRreducing techniques have been proposed in the last decade. These include clipping techniques [5] , [6] , multiple symbol representation techniques [7] , partial transmit sequences (PTS) techniques [8] and many others (see [9] and the references within for a detailed overview of PAPR-reduction techniques for OFDM).
Although these techniques can provide substantial PAPR reductions, the resulting signals still have large envelope fluctuations and the adopted power amplifiers should be linear, at least in the envelope's dynamic range, to avoid in-band nonlinear distortion and out-of-band radiation. This precludes the use of very low cost and highly efficient power amplifiers that are strongly nonlinear such as class D, E or F amplifiers [10] . These amplifiers are only recommended for constant or quasi constant envelope signals (i.e., signals with a PAPR close to 0 dB). One of the first techniques proposed to address this challenge were the constant envelope paired burst OFDM (CEPB-OFDM) techniques [11] , although that is achieved at the expense of at least half the spectral efficiency, something unacceptable in wireless systems due to the scarcity of spectral resources. CE-OFDM techniques were recently proposed for extremely high frequency (EHF) communications [12] - [14] . As the name indicates, CE-OFDM signals have constant envelope, since they are generated by submitting a real-valued OFDM signal to a phase modulator. However, since the phase modulator is a nonlinear device, it can lead to substantial spectral widening due to the out of band radiation levels associated to intermodulation products (IMPs); it can also lead to significant bit error rate (BER) degradation due to in-band nonlinear distortion, although recent results indicate that the nonlinear distortion component has information inherent to the transmitted symbols that can be employed to improve the performance, provided that optimum receivers are employed [15] , [16] , allowing even better performances than those of conventional linear OFDM schemes.
In this paper we consider the analytical performance evaluation of CE-OFDM. For this purpose, we take advantage of the Gaussian-like nature of OFDM signals for obtaining an analytical characterization of CE-OFDM signals. This characterization is then employed for obtaining the power spectral density (PSD) of CE-OFDM signals. Additionally, we study the asymptotic optimum performance associated to CE-OFDM signals.
This paper is divided into five sections: CE-OFDM signals are discussed and characterized in section II. Section III presents a method for obtaining the average PSD of CE-OFDM signals. In section IV, the asymptotic optimum performance of CE-OFDM schemes is studied. Section V points out the conclusions of this work.
Throughout the paper we consider that: bold letters denote matrices or vectors and italic letters denote scalars. Capital letters are associated to the frequency-domain and small letters are associated to the time-domain. ||X|| denotes the Euclidean norm of the vector X and (·)
T denotes the transpose operator. The probability density function (PDF) of the random variable x is denoted as p(x) and E[·] is the expectation operator. Fig. 1 shows the CE-OFDM transmitter considered in this work. The data symbols to be transmitted are grouped in vector T ∈ C N are the argument of the phase modulator and must be realvalued. Therefore, the vector S is constrained to have Hermitian symmetry, i.e.,
II. CE-OFDM TRANSMISSION
which means that only N − 2 subcarriers are effectively used for data transmission purposes. To simulate an oversampling operation by a factor of M , we add M (N − 1) subcarriers to the block S (when M = 1 the samples are obtained with the Nyquist rate). At the IDFT output, the time-domain samples
T ∈ C NM present Gaussian nature and can be modelled by s, whose the PDF is
with σ 2 = (N − 2)/(NM) 2 . These time-domain samples are submitted to a phase modulator, that is represented by the following nonlinear function
where h is the modulation index and C = 1/σ is a normalization constant. At the output of the modulator, the signal has a PAPR of 0 dB as is illustrated in Fig. 2 that presents the power associated to both an OFDM signal considering N = 64, M = 4 and a CE-OFDM signal with 2πh = 1.0. Thanks to the Gaussian nature of the time-domain samples
T ∈ C NM can be described according to the Bussgang's theorem [17] . Therefore, the nth output sample is given by the sum of two uncorrelated terms: one proportional to the input and another term related to the nonlinear distortion. Therefore, we have
where the scale factor α is
A frequency-domain version of the output of the phase modulator is obtained by computing the DFT of y = [y 0 y 1 ...
III. SPECTRAL CHARACTERIZATION OF CE-OFDM SIGNALS
In this section, we present a closed-form expression for the average PSD of CE-OFDM signals by making use of the Gaussian nature of the signals at the input of the phase modulator, that is modelled as a nonlinear transformation of the OFDM signal. Our approach is to obtain the autocorrelation at the nonlinearity output and then, using the Fourier transform, obtain the average PSD of CE-OFDM signals as in the approaches of [18] - [20] .
At the phase modulator input, the autocorrelation is given by
where s 1 and s 2 are two Gaussian random variables with the same distribution of s (see (2) ), and p(s 1 , s 2 ) is their joint PDF p(s 1 , s 2 ) = 1
with ρ denoting the normalized autocorrelation of the input signal, defined as
The autocorrelation at the output of the phase modulator is
This equation is relatively complicated since a double integral must be solved for each value of τ . However, the joint PDF p(s 1 , s 2 ) can be rewritten as a function of the marginal densities of s 1 and s 2 and the Hermite polynomials as
(10) Therefore, (9) can be expressed as
Additionaly, using the fact that p( (2) and (3)), and H m
, the output autocorrelation can be rewritten as
(12) If we define P m as the power associated to the IMP of order m as
we can rewrite (12) as
The average PSD can be obtained by taking the Fourier transform of (14) , whose the summation is truncated to the first n γ IMPs. The value of n γ required to have good accuracy depends on the magnitude of the nonlinear distortion effects, i.e., is dependent on the modulation index h. Fig. 3 shows the average PSD associated CE-OFDM signals obtained both by simulation averaging several CE-OFDM signals (i.e., E[|Y k | 2 ]/(NM)) and theoretically considering 2πh = 2.0 and different values of n γ . It is assumed that the OFDM signal has N = 128 subcarriers and oversampling factor M = 4. From the figure, it can be noted that when n γ = 8, the theoretical PSD matches the simulated PSD with an error that is almost 0 dB. Essentially, the accuracy is as higher as higher is the number of IMPs used to compute (14) , i.e., increases with n γ . It also should be noted that as P 0 = 0, there is a DC component introduced by the nonlinearity. The power associated to this DC component P 0 is represented in Fig. 4 for different values of 2πh. From the figure it can be noted that the power of this DC component is higher for lower values of h since, in these conditions, the signal at the output of the nonlinearity is essentially a complex exponential with constant and almost zero phase. Fig. 5 shows the average PSD associated to CE-OFDM signals obtained both by simulation and theoretically considering 2πh = 1.0, n γ = 10 and two values of M . It is assumed that the OFDM signal has N = 64 subcarriers. Fig. 6 shows the average distortion PSD associated to CE-OFDM signals obtained both by simulation and theoretically considering different values of 2πh and n γ = 10. From the figures, it can be pointed out that regardless of the oversampling factor and of the modulation index that are adopted, accurate characterization of the PSDs can be obtained.
IV. OPTIMUM ASYMPTOTIC PERFORMANCE
Conventionally, it is assumed that nonlinear distortion is a severe impairment for communications. This is particularly problematic in OFDM modulations, where the nonlinear power amplifiers or the efficient PAPR reducing techniques as the clipping techniques [5] , [6] are common sources of nonlinear distortion. To overcome the problem, receivers that try to estimate and cancel this distortion have been proposed [21] , but their performance is limited, especially when the signalto-noise ratio (SNR) is low.
Recently, it was shown that the nonlinear distortion can be considered as useful information for detection purposes, provided that a block-by-block optimum detection is considered at the receiver [15] . In these conditions, the performance of nonlinear OFDM can be even better than that of conventional receivers designed assuming linear OFDM transmissions. For this reason, it is important to verify the existence of performance gains associated to the optimum detection of CE-OFDM signals, that are naturally nonlinearly distorted by the phase modulator.
The optimum performance is strongly related to the pairwise error probability (PEP) between two signals, that can be obtained by the Euclidean distance between them. Let us start by considering two CE-OFDM signals 
, whose the correspondent original OFDM sequences S (1) and S (2) differ in only one bit. The Euclidean distance between the two OFDM sequences is
where E b is the average bit enery given by
However, as noticed in [15] , in the presence of nonlinear distortion, the Euclidean distance becomes
where E NL b is obtained as
and G represents the asymptotic gain associated to the optimum detection and is given by
In [16] , the theoretical expression for the average Euclidean distance between real-valued, Gaussian multicarrier signals submitted to a given nonlinearity f (.) is derived. Considering the concrete case of CE-OFDM signals where the nonlinear function is represented by (3), the average asymptotic gain in AWGN channels can be theoretically obtained as
where d 2 adj is the squared absolute value of the difference between two adjacent QPSK 2 symbols (with σ S = 1, d 2 adj = 4), and |f (s)| 2 is the squared absolute value of the derivative of (3). Fig. 7 shows the simulated and the theoretical asymptotic gain (obtained with (20) confirms the high accuracy of (20) . It can also be noted that the average asymptotic gain associated to the optimum performance of CE-OFDM signals is strongly related with the modulation index h. Actually, for low values of 2πh we do not have a gain but a degradation instead. When 2πh increases, the magnitude of the nonlinear distortion effects increases and the power associated to the DC component P 0 decreases, leading to higher gains when comparing to conventional, linear OFDM schemes. We also consider a modification of (3), where there is a phase clipping so that the phase cannot exceed the interval [−θ max , θ max ]. To perform a correct phase demodulation, we should have θ max = π or a smaller value if we take into account the existence of phase noise. Even in these conditions, although the gains decrease, they are still considerable. It is important to remark that we are presenting the asymptotic gain associated to CE-OFDM transmissions in AWGN channels. In frequency-selective channels, the gain can be even higher since the optimum receiver can take advantage of the correlation between the subcarriers (due to the in-band distortion caused by the intermodulation) at the output of the 2 The extension to other constellations is straighforward.
phase modulator, removing the strong dependence of the BER with the subcarriers that are in deep fade.
V. CONCLUSIONS
In this paper we present a closed form expression for the average PSD of CE-OFDM signals making use of the Gaussian nature of OFDM signals. We also studied the optimum CE-OFDM performance, showing that it can even be better than the one of conventional linear OFDM schemes.
